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Motivation and Introduction

@ The discretization of PDE’s often leads to linear systems
Ax=0>b

where
e Ac R""is alarge and sparse coefficient matrix
@ x ¢ R"is the sought-after solution
@ b e R"is agiven r.h.s. vector
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Motivation and Introduction

@ The discretization of PDE’s often leads to linear systems
Ax=0>b

where
e Ac R""is alarge and sparse coefficient matrix
@ x ¢ R"is the sought-after solution
@ b e R"is agiven r.h.s. vector

@ Direct or iterative methods can be used to solve them
@ For 3D problems, iterative methods based on Krylov subspaces
@ The structure and numerical kernels are similar in all these ones
@ For the SPD case, the Conjugate Gradient (CG) should be applied
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Conjugate Gradient Algorithm

Initialize ro, po, X0, 00, 70;j := 0
while (77 > 7Tmax) Loop for iterative CG solver
v, := Ap; O1. SPMV
oj = 03/p] v, 02. DOT
Xjp1 1= X + oypj 03. AXPY
iyt =1 — oV 0O4. AXPY
G = 1l 05. DOT
Bj = ¢j/oj O6. Scalar op
o1 =G Q7. Scalar op
Dj1 = Iip1 + Bip; 08. XPAY (AXPY-like)
it = 11 2= /G 09. Vector 2-norm (in practice, sqrt)
ji=j+1
endwhile
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Motivation and Introduction

@ When we use a heterogeneous server (CPU + GPU)

@ The computations of CG rely on the GPU
@ A CPU thread is in charge of controlling the GPU
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@ When we use a heterogeneous server (CPU + GPU)
@ The computations of CG rely on the GPU
@ A CPU thread is in charge of controlling the GPU

@ Aspects to consider in GPU computation,

@ The data communication via the slow PCl-e bus blurs the
computational cost
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Motivation and Introduction

I

Conjugate Gradient Algorithm

Initialize ro, o, Xo, 00, 70;j := 0
while (77 > 7Tmax)
v = Ap
= 0j/p] v;
Xi+1 = X + i
fis1 =1 — oY
G = rfan
Bj = (/o
Ojt1 =G
Pj+1 := Tt + Bipy
Tip1 = 1 o= VG
jo=i+1
endwhile

cuBLAS/cuSPARSE routines
cusparseScsrmv
cublasSdot + Scalar op
cublasSaxpy
cublasSaxpy
cublasSdot
Scalar op
Scalar op
cublasSscal+cublasSaxpy
Vector 2-norm (in practice, sqrt)
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Motivation and Introduction

@ When we use a heterogeneous server (CPU + GPU)

@ The computations of CG rely on the GPU
@ A CPU thread is in charge of controlling the GPU

@ Aspects to consider in GPU computation,

@ The data communication via the slow PCl-e bus blurs the
computational cost
— Store all data on the GPU memory

@ The invocation of fine-grain kernels prevents the CPU from
entering an energy-efficient C-state, increasing the energy
consumption
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Motivation and Introduction

@ When we use a heterogeneous server (CPU + GPU)

@ The computations of CG rely on the GPU
@ A CPU thread is in charge of controlling the GPU

@ Aspects to consider in GPU computation,

@ The data communication via the slow PCl-e bus blurs the
computational cost
— Store all data on the GPU memory

@ The invocation of fine-grain kernels prevents the CPU from
entering an energy-efficient C-state, increasing the energy
consumption

— Reduce the number of kernels
— Grow the grain of the kernels
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Motivation and Introduction

@ The first solution was to fuse CUDA kernels
@ To develop specific CUDA kernels to solve any operation

@ Only a transfer to verify the loop condition
@ To merge CUDA kernels
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Systematic Fusion of CUDA Kernels for Iterative Sparse Linear System
Solvers (EUROPAR’15)
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Motivation and Introduction

@ The first solution was to fuse CUDA kernels
@ To develop specific CUDA kernels to solve any operation

@ Only a transfer to verify the loop condition
@ To merge CUDA kernels

Systematic Fusion of CUDA Kernels for Iterative Sparse Linear System
Solvers (EUROPAR’15)

@ Dynamic Parallelism (DP) is an alternative technique
@ A parent CUDA kernel can launch other child CUDA kernels

@ Forthe CG case: the CPU only launches a simple CUDA kernel,
which is in charge of launch other CUDA kernels

@ The CPU is completely idle during all the CG computations
@ The simple CUDA kernel can include fine-grain or merged kernels
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Motivation and Introduction

@ The first solution was to fuse CUDA kernels
@ To develop specific CUDA kernels to solve any operation

@ Only a transfer to verify the loop condition
@ To merge CUDA kernels

Systematic Fusion of CUDA Kernels for Iterative Sparse Linear System
Solvers (EUROPAR’15)

@ Dynamic Parallelism (DP) is an alternative technique
@ A parent CUDA kernel can launch other child CUDA kernels

@ Forthe CG case: the CPU only launches a simple CUDA kernel,
which is in charge of launch other CUDA kernels

@ The CPU is completely idle during all the CG computations
@ The simple CUDA kernel can include fine-grain or merged kernels

@ Obijective: Development of the DP version of CG
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Q Motivation and Introduction

@ Fusions in the CG Method
@ CUDA kernels of CG
@ How to merge CUDA kernels
@ Merging CUDA kernels on CG

e Exploiting DP to Enhance CG
@ Features of Dynamic Parallelism
@ Improved CUDA kernels for DP
@ Dynamic Parallelism version of CG

e Experimental Evaluation
@ Environment setup
@ Experimental results

Q Conclusions

CUDA Dynamic Parallelism for Sparse Linear Systems J.I. Aliaga, D. Davidovi¢, J. Pérez, E.S. Quintana-Orti



Fusions in the CG Method

@ Fusions in the CG Method
@ CUDA kernels of CG
@ How to merge CUDA kernels
@ Merging CUDA kernels on CG
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Fusions in the CG Method
CUDA kernels of CG A \

CUDA kernels of CG

@ Each CG operation can be implemented as a CUDA kernel

@ The scalar operations

@ The vector operations

@ For SPMV,
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CUDA kernels of CG

@ Each CG operation can be implemented as a CUDA kernel

@ The scalar operations can be made by a thread of a block

@ The vector operations

@ For SPMV,
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Fusions in the CG Method
CUDA kernels of CG  H

UDA kernels of CG

@ Each CG operation can be implemented as a CUDA kernel

@ The scalar operations can be made by a thread of a block

@ The vector operations compute on complex grids ( Bs = 256 )

@ The kernels of truly parallel operations are easily developed
— axpy, axpy-like, scal, ...

@ For SPMV,
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Fusions in the CG Method
CUDA kernels of CG  How

cudaSaxpy

1| __global__ void cudasaxpy (int n, float xalpha, float «x, float xy)
2 unsigned int BlkSize = blockDim.x; // = 256

3 unsigned int tid = threadIdx.x;

4 unsigned int i = blockIdx.x * BlkSize + tid;

5

6 if (i <n) {

7 yli] += «alfa » x[il];

8 }

9]}

{

one_mapped access to the scalar a on GPU global memory .
for all active threads of the grid int the operation. kernel input scalar.
Vector size
imapped access to the €le] g 8 21| N = 1.000.000.
& ments of vector xon GPU| = & 2 2| g
N P £ lobal mermary. 5 7 ||oeo0esansccosaoszas £ E
kernel input vectors.
imapped access to the ele § g g
Alllennconcnneannnneas & §[|mentsofvectoryonGPUf £ &) L g E[[1|2|| axpyy = ax+y.
il > | |global memory. T > = =R =
Jgﬂ Block 0 % Block 1 e%!) (? * 00 Block 3906
0 g é
| S ) 2T 1 a
0 0 el o o)
.. .8 .8 .. Pl P = Q
T ¥
Idle threads.
(I 2 © mappedaccesstotheeler £ & «eiceeieiiiiiieans 8 8- 2
~ > mentsofvectoryon GPU > > : g 3 | ¢ kernel output vector.
global memory. = =

J
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CUDA kernels of CG  H

UDA kernels of CG

@ Each CG operation can be implemented as a CUDA kernel

@ The scalar operations can be made by a thread of a block

@ The vector operations compute on complex grids ( Bs = 256 )

@ The kernels of truly parallel operations are easily developed
— axpy, axpy-like, scal, ...

@ Other operations usually require a collaboration between threads
— dot, ...

@ For SPMV,
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Fusions in the CG Method
CUDA kernels of CG A \

@ The DOT can be decomposed into two operations:

@ Element-wise product (EWP): (z = x. x )
@ Reduction of the result (addition of its elements): (o = > 2)
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in the CG Method
CUDA kernels of CG A ke N

cudaSdot

@ The DOT can be decomposed into two operations:
@ Element-wise product (EWP): (z = x. x )
@ Reduction of the result (addition of its elements): (o = > 2)

@ An iterative process has to be implemented to reduce the vector
@ The kernels have an input vector (in) and an output vector (out)
@ One element of ini is assigned to a single thread

@ Each block computes the addition of the local values of in, storing
the result in the position of out related to the block id

@ The use of shared memory accelerates the computation
@ Block level synchronizations are required to avoid errors
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cudaSdot

1| __global__ void cudasreduce (int n, float »in, float xout) {

2 extern __shared__ float vtmp[];

3

4 // Each thread loads one element from global to shared mem

5 unsigned int BlkSize = blockDim.x; // = 256

6 unsigned int tid = threadIdx.x; // block thread index
7 unsigned int i = blockIdx.x * BlkSize + tid;

8

9 vtmp(tid] = (i < n ) ? in[i] : 0; __syncthreads();

10

11 // Reduce from BlkSize=256 elements to 128, 64, 32, 16, 8, 2 and 1
12 if (tid < 128) { vtmp[tid] += vtmp[tid + 128]; } __syncthreads();
13 if (tid < 64) { vtmp[tid] += vtmp[tid + 64 ]; } __syncthreads();
14 if (tid < 32) {

15 volatile float »vtmp2 = vtmp;

16 vtmp2 [tid] += vtmp2[tid + 32]; vtmp2[tid] += vtmp2[tid + 16];
17 vtmp2 [tid] += vtmp2[tid + 8 ]; vtmp2[tid] += vtmp2[tid + 4 ];
18 vtmp2 [tid] += vtmp2[tid + 2 ]; vtmp2[tid] += vtmp2[tid + 1 ];
19 }

20

21 // Write result for this block to global mem

22 if (tid == 0) out[blockIdx.x] = vtmp[0];

23|}

allelism for Sparse Linear Systems J.I. Aliaga, D. Davidovi¢, J. Pérez, E.S. Quintana-Orti



in the CG Method
CUDA kernels of CG A ke N

cudaSdot

@ The DOT can be decomposed into two operations:
@ Element-wise product (EWP): (z = x. x )
@ Reduction of the result (addition of its elements): (o = > 2)

@ An iterative process has to be implemented to reduce the vector
@ The kernels have an input vector (in) and an output vector (out)
@ One element of ini is assigned to a single thread

@ Each block computes the addition of the local values of in, storing
the result in the position of out related to the block id

@ The use of shared memory accelerates the computation

@ Block level synchronizations are required to avoid errors
@ The ratio of the sizes of the two vectors is equal to the block size
@ The process ends when the size of out is equal to 1
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Fusions in the CG Method

1| void cudaSreduction ( int Gs, int Bs, int Ms,

2 int n, float z[],

3 float vtmp[] , float vtmp2[] ) {

4

5 float xauxl = vtmp, *aux2 = vtmp2;

6 int b = 1, Gs_next;

7

8

9

10 // reduce blocks

11 cudaSreduce <<< Gs, Bs, Ms >>> ( n, =z , auxl );

12

13 while ( Gs > 1 ){

14 Gs_next = ( unsigned int ) ceil( ( float ) Gs / Bs );
15 // reduce blocks

16 cudaSreduce <<< Gs_next, Bs, Ms >>> ( Gs, auxl, aux2 );
17 Gs = Gs_next;

18 b=1-Db;

19 if (b ){ auxl = vtmp; aux2 = vtmp2; }

20 else { aux2 = vtmp; auxl = vtmp2; }

21 }

22

23 // Write result

24 if( b == )

25 cudaMemcpy ( vtmp, auxl, sizeof( float ), cudaMemcpyDeviceToDevice );
26|}

allelism for Sparse Linear Systems J.I. Aliaga, D. Davidovi¢, J. Pérez, E.S. Quintana-Orti



Fusions in the CG Method

cudaSdot

1] void cudaSdot ( int Gs, int Bs, int Ms,

2 int n, float x[], float y[],

3 float vtmp[] , float vtmp2[] ) {

4

5 float xauxl = vtmp, *aux2 = vtmp2;

6 int b = 1, Gs_next;

7

8 // element-wise product

9 cudaSewp (n, alpha, x, y, aux2);

10 // reduce blocks

11 cudaSreduce <<< Gs, Bs, Ms >>> ( n, aux2, auxl );

12

13 while ( Gs > 1 ){

14 Gs_next = ( unsigned int ) ceil( ( float ) Gs / Bs );
15 // reduce blocks

16 cudaSreduce <<< Gs_next, Bs, Ms >>> ( Gs, auxl, aux2 );
17 Gs = Gs_next;

18 b=1-Db;

19 if (b ){ auxl = vtmp; aux2 = vtmp2; }

20 else { aux2 = vtmp; auxl = vtmp2; }

21 }

22

23 // Write result

24 if( b == )

25 cudaMemcpy ( vtmp, auxl, sizeof( float ), cudaMemcpyDeviceToDevice );
26|}

allelism for Sparse Linear Systems
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Fusions in the CG Method

1] void cudaSdot ( int Gs, int Bs, int Ms,

2 int n, float x[], float y[],

3 float vtmp[] , float vtmp2[] ) {

4

5 float xauxl = vtmp, *aux2 = vtmp2;

6 int b = 1, Gs_next;

7

8

9 // element-wise product and reduce blocks

10 cudaSewp_reduce (n, alpha, x, y, auxl);

1

12

13 while ( Gs > 1 ){

14 Gs_next = ( unsigned int ) ceil( ( float ) Gs / Bs );
15 // reduce blocks

16 cudaSreduce <<< Gs_next, Bs, Ms >>> ( Gs, auxl, aux2 );
17 Gs = Gs_next;

18 b=1-Db;

19 if (b ){ auxl = vtmp; aux2 = vtmp2; }

20 else { aux2 = vtmp; auxl = vtmp2; }

21 }

22

23 // Write result

24 if( b == )

25 cudaMemcpy ( vtmp, auxl, sizeof( float ), cudaMemcpyDeviceToDevice );
26|}
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Fusions in the CG Method
CUDA kernels of CG  How tc UDA kern v 1g CUDA kernels on CG

cudaSdot

cudaSewp_reduce

mapped access to the ele-
@ ments of vector x on GPU
5> global memory.

g ] vector size

£  2|| N=1000.000

X X .

kernel input vectors

\XSH
| X512

mapped access to the ele-|
ments of vector y on GPU
global memory.

Kernel Dot_ini

Y512

Y511

o}

Block 3906
shared memory

shared memory

255~ Vososas |Xassess
Q“ ‘G): I-Ye66636
(O T

Cij Block 0 |¢:5 Block 1 é)l
I8 B §

unmapped access to the elements of vector out
on GPU global memory.




Fusions in the CG Method
UDA kern

1g CUDA kernels on CG

CUDA kernels of CG  How

cudaSdot

cudaSreduce

mapped access to the ele- vector size N = 3.907

2 @ mentsofvectoryonGPU = o $ 8|} kernel input vector

[T T PP PRSP PP PP € £ global memory. € L v e & Kernel Dot_fin
e e . il P ed—

Block 0 Block 1 Block 15

shared memory shared memory shared memory
B g
15 veee 20108 +ererenees Q

unmapped access to the elements of vector out kernel output vector
on GPU global memory.
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CUDA kernels of CG  Ho

cudaSdot

cudaSreduce

vector size N =16 mapped access to the
Kernel input vector elements of vector in
KernelDot_fin on GPU global memory.

Block 0
shared memory
v T~ 0]
. 28105 QN .08

kernel output vector
unmapped access to the elements
of vector out on GPU global memory.
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CUDA kernels of CG

CUDA kernels of CG

@ Each CG operation can be implemented as a CUDA kernel
@ The scalar operations can be made by a thread of a block

@ The vector operations compute on complex grids ( Bs = 256 )

@ The kernels of truly parallel operations are easily developed
— axpy, axpy-like, scal, ...

@ Other operations usually require a collaboration between threads
— dot, ...

@ For SPMV, we use three kernels defined by N. Bell and M.
Garland in NVR-2008-004

@ CSR format: spmv_csr_scalar_kernel, spmv_csr_vector_kernel

@ ELLPACK format: spmv_ell_kernel
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CUDA kernels of CG  H

Sparse Matrix Formats

R

524

372

:> 250
0

0

0

0

=+
o
3
3
Q
~+

ELLPACK format

ol-inde:

a

o
o
o

row-index

Sparse
storage formats a

OO OOOON)
OO OO0 OV
(ofololololola]

OO O0O0OO0OO
(eolojololelole)

oo ocooou
(elelololele]

OOXXNOO| oocoococoo

omooowule
OOOOONN| I+~
OOOONNB~
OCOO0O0O0O0OOQ|w
OCO0OO0O00O0OQ|=
OCOOOOOON)|»*
WOOOOOOQ|
ocoocouiou -~

“o v e wN e o

values [5i214:2:5:317:27583]
colind [0'112'5:7101112'2'7:06]

| et
rowptr

points to first element in row

OOOOUINN| (WoooOoO~NWwu

OOOOOND OOOOUINN)

D OOOOOON OCOOOONDN
OOO0O00O0OU| OOOOOON),

XXXXNRR| Oo0o00Oo

wooo~Nwum

<
Q
C
w0
[a)
=2
=
a
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CUDA kernels of CG  H

@ spmv_csr_scalar_kernel
@ Athread of a block computes one element of the result

@ Each thread works without any collaboration
@ The maximum dimension for a 1D Grid is
65,535 x Bs = 65,535 x 256 = 16,776,960
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CUDA kernels of CG

cudaSspmv

@ spmv_csr_scalar_kernel
@ Athread of a block computes one element of the result

@ Each thread works without any collaboration
@ The maximum dimension for a 1D Grid is
65,535 x Bs = 65,535 x 256 = 16,776,960

@ spmv_csr_vector_kernel
@ Each element of the result is computed by a warp (32 threads)

@ The final value requires a reduction step into a warp
@ The maximum dimension for a 1D Grid is
65,535« Bs/32 = 65,535 x 256/32 = 16,776,960/32 = 524, 280
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__global__ void spmv_csr_vector_kernel

__shared__ float vals[];
int tid = threadIdx.x;
int BlkSize = blockDim.x;

int thread_id = blockIdx.x * BlkSize + tid;

int warp_id = thread_id / 32;
int lane = thread_id & (32 - 1);
the warp

// one warp per row
int row = warp_id;

if (row < num_rows) {
int row_start = ptrlrow], row_end

// compute running sum per thread
vals[tid] = 0;

for (int jj = row_start + lane; jj < row_end;
vals[tid] += datal[jj] * x[indices[Jjl];

// parallel reduction in shared memory
(lane < 16) wvals[tid] += vals[tid+16];
(lane < 8) wvals[tid] += vals[tid+8];
(lane < 2) vals[tid] += vals[tid+2];

if

// first thread writes the result

if (lane == 0) yl[row] += vals[tid];

*ptr,
float

/7
//
//

1/
1/
//

vals[tid]
vals[tid]

J.I. Aliaga, D. Davidovi¢

shared memory values
block thread index
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__global__ void spmv_csr_vector_kernel 2D ( int num_rows, int sptr, int sindices,
float «data, float +x, float xy ) {
__shared__ float vals[]; // shared memory values
int tid = threadIdx.x; // block thread index
int colG = blockIdx.x * blockDim.x + tid;
int rowG = blockIdx.y * blockDim.y;
int thread_id = ( blockDim.x % gridDim.x * rowG ) + colG ; // global thread index
int warp_id = thread_id / 32; // global warp index
int lane = thread_id & (32 - 1); // thread index within
the warp

// one warp per row
int row = warp_id;
if (row < num_rows) {

int row_start = ptrlrow], row_end = ptr[row+l];

// compute running sum per thread

vals[tid] = 0;

for (int jj = row_start + lane; jj < row_end; jj += 32)

vals[tid] += datal[jj] * x[indices[Jjl];
// parallel reduction in shared memory
if (lane < 16) vals[tid] += vals[tid+16];
(lane < 8) vals([tid] += vals[tid+8]; if (lane < 4) vals([tid] += vals[tid+4];
(lane < 2) vals([tid] += vals[tid+2]; if (lane < 1) vals([tid] += vals[tid+1];
// first thread writes the result
if (lane == 0) yl[row] += vals[tid];

J.I. Aliaga, D. Davidovi¢
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CUDA kernels of CG

cudaSspmv

@ spmv_csr_scalar_kernel
@ Athread of a block computes one element of the result

@ Each thread works without any collaboration
@ The maximum dimension for a 1D Grid is
65,535 x Bs = 65,535 x 256 = 16,776,960

@ spmv_csr_vector_kernel
@ Each element of the result is computed by a warp (32 threads)

@ The final value requires a reduction step into a warp
@ The maximum dimension for a 1D Grid is
65,535« Bs/32 = 65,535 x 256/32 = 16,776,960/32 = 524, 280

@ spmv_ell_kernel
@ The same features as spmv_csr_scalar_kernel

@ The coalescent data access reduces the execution time
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Fusions in the CG Method
How to merge CUDA kernels

Methodology to merge CUDA els

@ Independent CUDA kernels can always be merged
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Fusions in the CG Method
How to merge CUDA kernels

Methodology

1| __global__ void cudasSaxpy ( int n, float xalpha, float xx, float xy) {
2 unsigned int BlkSize = blockDim.x;

3 unsigned int i = blockIdx.x * BlkSize + threadIdx.x;

4

5 if (1 <n) {

6 y[i] += =xalfa » x[i];

7 }

8|}

9

10| __global__ void cudasaxpy_1 ( int n, float xalphal, float »x, float xy,
11 float xalpha2, float xz) {

12 unsigned int BlkSize = blockDim.x;

13 unsigned int i = blockIdx.x x BlkSize + threadIdx.x;

14

15 if (i <n) {

16 yIi] += «alfal = x[i];

17 z[i] += =#alfa2 * x[i];

18 }

19] 3

20

21| // INDEPENDENT KERNELS

22| cudaSaxpy << Gs, Bs >> (n, &alphal, x, y); // y =y + alphal » x
23| cudaSaxpy << Gs, Bs >> (n, &alpha2, x, z); // z = z + alpha2 * x
24

25| // NEW KERNEL

26| cudaSaxpy_l << Gs, Bs >> (n, &alphal, &alpha2, x, y, z);
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Fusions in the CG Meth
G How to merge CUDA kernels CU

Methodology to merge CUDA kernels i)

@ Independent CUDA kernels can always be merged

@ Two CUDA kernels related by a RAW dependency,
Ki L) Ko,v e R"

can be merged if
@ Both kernels apply the same mapping of threads to the elements
of v shared (exchanged) via register

@ Both kernels apply the same mapping of threads blocks to the
vector elements shared (exchanged) via shared memory

@ A global barrier is not necessary between the two kernels
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Fusions in the CG Method
How to merge CUDA kernels

Methodology

__global__ void cudasaxpy ( int n, float xalpha, float xx, float xy) {
unsigned int BlkSize = blockDim.x;
unsigned int i = blockIdx.x * BlkSize + threadIdx.x;

9

10| __global__ void cudasaxpy_2 ( int n, float xalphal, float »x, float xy,
11 float xalpha2, float xz) {

12 unsigned int BlkSize = blockDim.x;

13 unsigned int i = blockIdx.x x BlkSize + threadIdx.x;
14

15 if (1 <n) {

16 y[i] += =alfal = x[i];

17 z[i] += =«alfa2 * y[i];

18 }

19|}

20

21| // DEPENDENT KERNELS
22| cudaSaxpy << Gs, Bs >> (n, &alphal, x, y); // y =y + alphal » x
23| cudaSaxpy << Gs, Bs >> (n, &alpha2, y, z); // z = z + alpha2 % y

25| // NEW KERNEL
26| cudaSaxpy_2 << Gs, Bs >> (n, &alphal, &alpha2, x, y, z);
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Me

Fusions in the CG Method
How to merge CUDA kernels

odology

__global__ void cudaSewp_reduce (int n, float »x, float »y, float xout) {
extern __shared__ float vtmp[];

// Each thread loads one element from global to shared mem

unsigned int BlkSize = blockDim.x; // = 256

unsigned int tid = threadIdx.x; // block thread index
unsigned int i = blockIdx.x * BlkSize + tid;

vtmp[tid] = (i < n ) ? x[i] * y[i] : 0; __syncthreads();

// Reduce from BlkSize=256 elements to 128, 64, 32, 16, 8, 2 and 1
if (tid < 128) { vtmp[tid] += vtmp[tid + 128]; } __syncthreads();
if (tid < 64) { vtmp[tid] += vtmp[tid + 64 ]; } __syncthreads();
if (tid < 32) {
volatile float »vtmp2 = vtmp;
vtmp2 [tid] += vtmp2[tid + 32]; vtmp2[tid] += vtmp2[tid + 16];
vtmp2 [tid] += vtmp2[tid + 8 ]; vtmp2[tid] += vtmp2([tid + 4 ];
vtmp2 [tid] += vtmp2[tid + 2 ]; vtmp2[tid] += vtmp2[tid + 1 1;
}

// Write result for this block to global mem
if (tid == 0) out[blockIdx.x] = vtmp[0];
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Fusions in the CG Met
How to merge CUDA kernels

Methodology to merge CUDA kernels

@ Independent CUDA kernels can always be merged
@ Two CUDA kernels related by a RAW dependency,
Ki L) Ko,v e R"

can be merged if
@ Both kernels apply the same mapping of threads to the elements
of v shared (exchanged) via register

@ Both kernels apply the same mapping of threads blocks to the
vector elements shared (exchanged) via shared memory

@ A global barrier is not necessary between the two kernels

@ If the kernels K; and K, can be merged, the grid definition of
both kernels should be adjusted
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CG

Conjugate Gradient Algorlthm ]

Initialize ro, po, X0, 00, 70;j := 0

while (77 > 7max)
v == Ap;
o = 0j/p] v;
Xj+1 = X + i
liv1 =1 — oY
G = Kl
Bj = G/ o;
ojt1 =G
Pj+1 = i1 + Bip;
Tip1 =l 1 o= VG
j=j+1
endwhile

Loop for iterative CG solver

O1. SPMV

02. DOT

03. AXPY

0O4. AXPY

05. bDOT

O6. Scalar op

O7. Scalar op

08. xPAY (AXPY-like)

09. Vector 2-norm (in practice, sqrt)
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Initialize ro, po, X0, 00, 70;j :== 0

while (77 > Tmax)
0O1.
02.
03.
04.
05.
06.
07.
0s8.
09.
ji=j+1

endwhile

SPMV

DOT

AXPY

AXPY

DOTproduct

Scalar op

Scalar op

XPAY (AXPY-like)
Vector 2-norm (sqrt)
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Merging CUDA kernels on CG

Dependendy Graph of CG for CUDA kernels

Initialize ro, po, X0, 00, 70;j := 0 >
while (7; > Tmax) m
O1. SPMV
02. DOT
083. AXPY
04. AXPY
O5. DOTproduct
06. Scalar op (05b }«—{ O5a
| |

Q7. Scalar op
&9

08. xPAY (AXPY-like)
09. Vector 2-norm (sqrt)
ji=j+1

endwhile

CUDA Dynamic Parallelism for Sparse Linear Systems J.I. Aliaga, D. Davidovi¢, J. Pérez, E.S. Quintana-Orti



I

Initialize ro, po, X0, 00, 70;j :== 0

while (77 > Tmax)
0O1.
02.
03.
04.
05.
06.
07.
0s8.
09.
ji=j+1

endwhile

SPMV

DOT

AXPY

AXPY

DOTproduct

Scalar op

Scalar op

XPAY (AXPY-like)
Vector 2-norm (sqrt)
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Merging CUDA kernels on CG

Fusion of CUDA kernels for CSR vector

Initialize ro, po, X0, 00, 70;j :== 0

while (77 > Tmax)
0O1.
02.
03.
04.
05.
06.
07.
0s8.
09.
ji=j+1

endwhile

SPMV

DOT

AXPY

AXPY

DOTproduct

Scalar op

Scalar op

XPAY (AXPY-like)
Vector 2-norm (sqrt)

(&)

P

( 02a —>{ O2b |
L
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DP to Enhance CG

e Exploiting DP to Enhance CG
@ Features of Dynamic Parallelism
@ Improved CUDA kernels for DP
@ Dynamic Parallelism version of CG
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Features of mic Parallelism  Imprc

@ Development of Dynamic Parallelism
@ Technology recently introduced in the CUDA programming mode
@ Available for NVIDIA devices with compute capability 3.5 or higher
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@ Development of Dynamic Parallelism
@ Technology recently introduced in the CUDA programming mode

@ Available for NVIDIA devices with compute capability 3.5 or higher

@ Main features of Dynamic Parallelism

@ Allows CUDA kernels (parent) to launch new kernels (child)
@ The recursion is enabled

@ Useful to adapt the grid size at execution time
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DP to Enhance CG

Features of Dynamic Parallelism |m,

@ Development of Dynamic Parallelism
@ Technology recently introduced in the CUDA programming mode
@ Available for NVIDIA devices with compute capability 3.5 or higher

@ Main features of Dynamic Parallelism

@ Allows CUDA kernels (parent) to launch new kernels (child)
@ The recursion is enabled

@ Useful to adapt the grid size at execution time

@ The synchronization between parent and child kernels occurs
@ Implicitly, at the end of the parent kernel

@ Explicitly, by using cudabDeviceSynchronize
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DP to Enhance CG

Features of Dynamic Parallelism |m,

@ Development of Dynamic Parallelism
@ Technology recently introduced in the CUDA programming mode
@ Available for NVIDIA devices with compute capability 3.5 or higher

@ Main features of Dynamic Parallelism

@ Allows CUDA kernels (parent) to launch new kernels (child)
@ The recursion is enabled

@ Useful to adapt the grid size at execution time

@ The synchronization between parent and child kernels occurs
@ Implicitly, at the end of the parent kernel

@ Explicitly, by using cudabDeviceSynchronize

@ Given the current DP limits, it is advisable
@ Reduce the depth of the call tree

@ Use iterative before recursive implementations
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daSdot DP

@ The definition of cudaSdot includes a routine (loop of kernels),
according to the implementation of cudaSreduction
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Exploi
Improved CUDA kernels for DP D

aSdot_DP

@ The definition of cudaSdot includes a routine (loop of kernels),
according to the implementation of cudaSreduction

@ The cudaSreduction implementation should be modified

@ The loop of kernels should be changed by a kernel with a loop
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Exploi
Improved CUDA kernels for DP D

aSdot_DP

@ The definition of cudaSdot includes a routine (loop of kernels),
according to the implementation of cudaSreduction

@ The cudaSreduction implementation should be modified
@ The loop of kernels should be changed by a kernel with a loop
@ The final value has to written by a kernel with one block
@ There is no sense this kernel computes all the reduction
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Exploiting DP to Enhance CG
Improved CUDA kernels for DP D

cudaSdot DP 73]

@ The definition of cudaSdot includes a routine (loop of kernels),
according to the implementation of cudaSreduction

@ The cudaSreduction implementation should be modified
@ The loop of kernels should be changed by a kernel with a loop

@ The final value has to written by a kernel with one block
@ There is no sense this kernel computes all the reduction

@ An alternative is to use two kernels:
@ Kernel with several blocks, which executes a reduction loop
= 256 blocks each with 192 threads

@ Kernel with one block to compute the last reduction
= 1 block with 256 threads
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DP to Enhance CG
Improved CUDA

daSdot_DP

1| __global__ void cudaSreduction_DP_loop (int n, float xin, float «out) {
2 extern __shared__ float vtmp[];

3 // Each thread loads two elements from each chunk

4 // from global to shared memory

5 unsigned int tid = threadIdx.x; /
6 unsigned int NumBlk = gridDim.x; /
7 unsigned int BlkSize = blockDim.x; /
8 unsigned int Chunk = NumBlk * BlkSize; /
9 unsigned int i = blockIdx.x * BlkSize + tid;

10

11 // Reduce from n to NumBlk * BlkSize elements. Each thread
12 // operates with two elements of each chunk

13 vtmp [tid] = 0;
14 while (i < n) {

15 vtmp [tid] += in[i];

16

17 i += Chunk;

18 } __syncthreads () ;

19

20 // Reduce from BlkSize=192 elements to 96, 48, 24, 12, 6, 3 and 1
21 if (tid < 96) { vtmp[tid] += vtmp[tid + 96]; } __syncthreads();
22 if (tid < 48) { vtmp[tid] += vtmp[tid + 48]; } __syncthreads();
23 if (tid < 24) {

24 volatile float xvtmp2 = vtmp;

25 vtmp2 [tid] += vtmp2[tid + 24]; vtmp2[tid] += vtmp2[tid + 12];
26 vtmp2 [tid] += vtmp2[tid + 6 ]; vtmp2[tid] += vtmp2[tid + 3 I;
27 }

28

29 // Write result for this block to global mem

30 if (tid == 0) out[blockIdx.x] = vtmp[0] + vtmp[l] + vtmp[2];

/ block thread index

/ = 256

/ =192

/ Size of the grid data
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DP to Enhance CG
Improved CUDA

daSdot DP

__global__ void cudaSreduction_DP_final (float +in_out) {
extern __shared__ float vtmp[];

1

2

3

4 // Each thread loads one element from global to shared mem
5 unsigned int tid = threadIdx.x;

6 volatile float »vtmp2 = vtmp;

7

8

vtmp [tid] = in_out[tid]; __syncthreads();
9
10 // Reduce from 256 elements to 128, 64, 32, 16, 8, 2 and 1
1 if (tid < 128) { vtmp[tid] += vtmp[tid + 128]; } __syncthreads();
12 if (tid < 64) { vtmp[tid] += vtmp[tid + 64 1; } __syncthreads();
13 if (tid < 32) {
14 vtmp2 [tid] += vtmp2[tid + 32]; vtmp2[tid] += vtmp2[tid + 16];
15 vtmp2 [tid] += vtmp2[tid + 8 ]; vtmp2[tid] += vtmp2[tid + 4 ];
16 vtmp2 [tid] += vtmp2[tid + 2 ]; vtmp2[tid] += vtmp2[tid + 1 ];
17 }
18
19 // Write result for this block to global mem
20 if (tid == 0) in_out[blockIdx.x] = *vtmp;
21}
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Exploiting DP to Enhance CG
Fe Improved CUDA kernels for DP D

cudaSdot DP 73]

@ The definition of cudaSdot includes a routine (loop of kernels),
according to the implementation of cudaSreduction

@ The cudaSreduction implementation should be modified
@ The loop of kernels should be changed by a kernel with a loop
@ The final value has to written by a kernel with one block
@ There is no sense this kernel computes all the reduction

@ An alternative is to use two kernels:
@ Kernel with several blocks, which executes a reduction loop

@ Kernel with one block to compute the last reduction

An additional optimization:
@ Double the size of the consecutive data processed by a block

@ The coalescent access is maintained into the block
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DP to Enhance CG
Improved CUDA

daSdot_DP

1| __global__ void cudaSreduction_DP_loop_opt (int n, float xin, float xout) {

2 extern __shared__ float vtmp[];

3 // Each thread loads two elements from each chunk

4 // from global to shared memory

5 unsigned int tid = threadIdx.x; // block thread index
6 unsigned int NumBlk = gridDim.x; // = 256

7 unsigned int BlkSize = blockDim.x; // =192

8 unsigned int Chunk = NumBlk * (2 » BlkSize); // Size of the grid data
9 unsigned int i = blockIdx.x * (2 * BlkSize) + tid;

10

11 // Reduce from n to NumBlk % BlkSize elements. Each thread

12 // operates with two elements of each chunk

13 vtmp [tid] = 0;
14 while (i < n) {

15 vtmp [tid] += in[i];

16 vtmp[tid] += (i+BlkSize < n) ? (in[i+BlkSize]): 0;

17 i += Chunk;

18 } __syncthreads () ;

19

20 // Reduce from BlkSize=192 elements to 96, 48, 24, 12, 6, 3 and 1
21 if (tid < 96) { vtmp[tid] += vtmp[tid + 96]; } __syncthreads();
22 if (tid < 48) { vtmp[tid] += vtmp[tid + 48]; } __syncthreads();
23 if (tid < 24) {

24 volatile float xvtmp2 = vtmp;

25 vtmp2 [tid] += vtmp2[tid + 24]; vtmp2[tid] += vtmp2[tid + 12];
26 vtmp2 [tid] += vtmp2[tid + 6 ]; vtmp2[tid] += vtmp2[tid + 3 I;
27 }

28

29 // Write result for this block to global mem

30 if (tid == 0) out[blockIdx.x] = vtmp[0] + vtmp[l] + vtmp[2];
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DP to Enhance CG
Improved CUDA

daSdot_DP

1| __global__ void cudaSdot_DP_loop_opt (int n, float xx, , float xy, float xout) {
2 extern __shared__ float vtmp[];

3 // Each thread loads two elements from each chunk

4 // from global to shared memory

5 unsigned int tid = threadIdx.x; // block thread index
6 unsigned int NumBlk = gridDim.x; // = 256

7 unsigned int BlkSize = blockDim.x; // =192

8 unsigned int Chunk = NumBlk * (2 » BlkSize); // Size of the grid data
9 unsigned int i = blockIdx.x * (2 * BlkSize) + tid;

10

11 // Reduce from n to NumBlk % BlkSize elements. Each thread

12 // operates with two elements of each chunk

13 vtmp [tid] = 0;
14 while (i < n) {

15 vtmp [tid] += x[1]*y[i];

16 vtmp [tid] += (i+BlkSize < n) ? (x[i+BlkSize]y[i+BlkSize]): 0;
17 i += Chunk;

18 } __syncthreads () ;

19

20 // Reduce from BlkSize=192 elements to 96, 48, 24, 12, 6, 3 and 1
21 if (tid < 96) { vtmp[tid] += vtmp[tid + 96]; } __syncthreads();
22 if (tid < 48) { vtmp[tid] += vtmp[tid + 48]; } __syncthreads();
23 if (tid < 24) {

24 volatile float xvtmp2 = vtmp;

25 vtmp2 [tid] += vtmp2[tid + 24]; vtmp2[tid] += vtmp2[tid + 12];
26 vtmp2 [tid] += vtmp2[tid + 6 ]; vtmp2[tid] += vtmp2[tid + 3 I;
27 }

28

29 // Write result for this block to global mem

30 if (tid == 0) out[blockIdx.x] = vtmp[0] + vtmp[l] + vtmp[2];
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Exploiting DP to Enhance CG
Improved CUDA kernels for DP Dy

cudaSdot_DP_loop

e Ef 3 . access to elements of vector x on global memory ..
] ( = j) ( ---------------------------- access to elements of vector y on global memory
7
68 gz 88 3z ge g
B 4 TR | PRI 8889818, 855
K BoR g 8% R 83 8
I P T i ol P 7

(?_%_l ?ia_l ..........

for each vector (x, y) stored in global
memory, each thread accesses two
of its elements

192 threads per block

iteration 1 black lines
Iteration 2 lines of red
Iteration 3 lines of blue

iteration n lines in purple

vector resulting from
the first part of the dot




@ The changes in cudaSdot can also be applied on cudaSaxpy

@ To use a loop to reduce the number of blocks into the grid
@ Double the size of the consecutive data processed by a block

12|y

_global__ void cudaSaxpy_DP (int n, float xalpha, float xx, float *y) {
int NumBlk = gridDim.x; // = ceil (n / 256
int BlkSize = blockDim.x; // = 128
int i = blockIdx.x * (2 * BlkSize) + threadIdx.x;

int Chunk 2 % NumBlk * BlkSize;

while (i < n) {
y[i] += =xalfa * x[i];
if (i + BlkSize < n) y[i + BlkSize] += xalfa » x[i + BlkSize];
i += Chunk;

}
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@ The changes in cudaSdot can also be applied on cudaSaxpy

@ To use a loop to reduce the number of blocks into the grid
@ Double the size of the consecutive data processed by a block

@ The optimal results are obtained when a thread processes two
elements

1| __global__ void cudasaxpy_DP (int n, float xalpha, float »x, float xy) {
2 int NumBlk = gridDim.x; // = ceil (n / 256)
3 int BlkSize = blockDim.x; // = 128
4 int i = blockIdx.x * (2 % BlkSize) + threadIdx.x;

5 int Chunk = 2 % NumBlk * BlkSize;
6
7
8

while (i < n) {
y[i] += =xalfa * x[i];
9 if (i + BlkSize < n) y[i + BlkSize] += xalfa * x[i + BlkSize];
10 i += Chunk;
11 }
12] 1
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Exploiting DP to Enhance CG

CG algorithm for amic

DP  Dynamic Parallelism version of CG

Parallelism

Initialize ry, po, X0, 00, 70;j := 0

while (77 > Tmax)
O1.
02.
0O3.
04.
05.
0O6.
07.
0os8.
09.
j=j+1

cudaDeviceSynchronize

SPMV

DOT

AXPY

AXPY

DOTproduct

Scalar op

Scalar op

XPAY (AXPY-like)
Vector 2-norm (sqrt)

endwhile
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Exploiting DP to Enhance CG

DP  Dynamic Parallelism version of CG

Dep dendy Graph for DP CUDA kernels of CG K

Initialize ry, po, X0, 00, 70;j := 0

while (77 > Tmax)
O1.
02.
0O3.
04.
0O5.
0O6.
07.
0os8.
09.
j=j+1

cudaDeviceSynchronize

SPMV

DOT

AXPY

AXPY

DOTproduct

Scalar op

Scalar op

XPAY (AXPY-like)
Vector 2-norm (sqrt)

endwhile
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iting DP to Enhance CG
P Dynamic Parallelism version of CG

Initialize ry, po, X0, 00, 70;j := 0

while (77 > Tmax)
O1.
02.
0O3.
04.
0O5.
0O6.
07.
0os8.
09.
j=j+1

cudaDeviceSynchronize

SPMV

DOT

AXPY

AXPY

DOTproduct

Scalar op

Scalar op

XPAY (AXPY-like)
Vector 2-norm (sqrt)

endwhile

B>
'l'
D

(G5=256, Bs=19; s=1, Bs=
("O2a
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Exploiting DP to Enhance CG

DP  Dynamic Parallelism version of CG

Fu3|on of DP CUDA kernels for CSR vector

Initialize ro, po, X0, 00, T0;j := 0 B>
while (77 > Tmax) Q
0O1. SPMV
02. DOT
03. AXPY
04. AXPY
O5. DOTproduct
06. Scalar op
Q7. Scalar op
08. xPAY (AXPY-like)
09. Vector 2-norm (sqrt)
j=j+1

cudaDeviceSynchronize

endwhile
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Experimental Evaluation

e Experimental Evaluation
@ Environment setup
@ Experimental results

CUDA Dynamic Parallelism for Sparse Linear Systems J.I. Aliaga, D. Davidovi¢, J. Pérez, E.S. Quintana-Orti



Experimental Evaluation

Environment setup I

Hardware Platform 73]

@ Target Platform
@ CentOS release 6.2 with kernel 2.6.32 with CUDA v5.5.0

@ Intel Core i7-3770K CPU (3.5 GHz, four cores) and 16 Gbytes of
DDR3 RAM

@ NVIDIA “Kepler” K20c GPU (C.C. 3.5, 706 MHz, 2,496 CUDA
cores) with 5 GB of DDR5 RAM

@ CPU-GPU connection via a PCl-e 2.0 bus

@ How to trace the power consumption?
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Experimental Evaluation

Environment setup E
ware Plat

Power Tracing Environment

Power tracing
server

Application node

USB External Computer
powermeter

Power tracing @
daemon Jiei
€

Mainboard

Internal

powermeter

Ethernet
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Experimental Evaluation

Environment setup I

Hardware Platform 73]

@ Target Platform
@ CentOS release 6.2 with kernel 2.6.32 with CUDA v5.5.0

@ Intel Core i7-3770K CPU (3.5 GHz, four cores) and 16 Gbytes of
DDR3 RAM

@ NVIDIA “Kepler” K20c GPU (C.C. 3.5, 706 MHz, 2,496 CUDA
cores) with 5 GB of DDR5 RAM

@ CPU-GPU connection via a PCl-e 2.0 bus

@ How to trace the power consumption?

@ Using a National Instruments data acquisition system
@ NI9205 modules and NIcDAQ-9178 chassis

@ Lines that connect the PSU with motherboard and GPU.
@ The sampling frequency was 1MHz
@ The samples was processed by the power tracing server
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Arithmetics

@ CG Implementations
@ xo =0,b= Axones(n,1), maxiter = 1000

o |EEE single precision arithmetic (¢ = 107°)
@ On GPUs, mixed SP-DP with iterative refinement improves
execution time and energy consumption

@ SP is the computational key of mixed SP-DP
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Environment setup

Arithmetics

@ CG Implementations
@ xo =0,b= Axones(n,1), maxiter = 1000

o |EEE single precision arithmetic (¢ = 107°)
@ On GPUs, mixed SP-DP with iterative refinement improves
execution time and energy consumption

@ SP is the computational key of mixed SP-DP

@ Benchmark Matrices

[ Matrix [ Acronym || n; [ n [ n:/n|
BMWCRAT_1 | bmw 10,641,602 148,770 [ 71.53
¢ || CRANKSEG_2 | crank 14,148,858 63,838 | 221.63
S || Fi F1 26,837,113 343,791 | 78.06
% || INLINE_1 inline 38,816,170 503,712 | 77.06
LDOOR Idoor 42,493,817 952,203 | 44.62
AUDIKW_1 audi 77,651,847 943,645 82.28

[ A252 | A252 ] 111,640,032 | 16,003,001 | 6.94 |
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Implementations of the CG solver

@ For SPMV, we have tested the three described CUDA kernels

@ CUBLASL, uses the legacy programming interface of CUBLAS
@ The scalars are stored in CPU (some transfers are required)
@ The vector operations are performed by using CUBLAS kernels

@ CUDA replaces CUBLAS kernels by CUDA kernels
@ The scalars are stored in GPU
@ The vector operations are performed by CUDA kernels

@ MERGE applies the fusions defined on the dependency graph
@ New CUDA kernels implement the kernel fusion

@ DYNAMIC applied the fusions defined on the dependency graph
@ The CG CUDA kernels are launched from a CUDA kernel
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Results he CSR-vector kernel

14 CG Time Analysis for Polling Mode

T
[ CUDA
12 - EEEMERGE [+
DYNAMIC

Variation w.r.t. CUBLASL polling (in %)

-6 1 1 1 1 1 1 1
bmw  crank F1 inline Idoor audi A252

matrix
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CG Energy Analysis for Polling Mode
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CG Time Analysis for Blocking Mode
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esults for the CSR-vector kernel

CG Energy Analysis for Blocking Mode
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Results for the CSR-vector kernel

CG Time Analysis for Polling Mode CG Energy Analysis for Polling Mode
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) Experimental results

Results for the CSR-vector kernel

Summary of the variations (in %) w.r.t. CUBLASL-polling

CUDA CG solver Time Energy
mode Implement. Min Max  Avg. Min Max Avg.
CUBLASL 0.00 0.00 0.00 0.00 0.00 0.00
, CUDA 0.08 041 o0.21 0.23 7.94 1.79
Polling
MERGE -3.07 -0.89 -1.71 -1.42 5.03 0.62

DYNAMIC -4.76 -1.54 -3.65 -3.32 -1.17 -2.58
CUBLASL 0.62 12.88 7.16 -3.30 -13.48 -10.85
CUDA 0.78 9.39 474 | -12.62 -445 -10.70
MERGE -1.70 -059 -1.06 | -13.96 -8.31 -12.47
DYNAMIC -471  -154 -3.65 | -1450 -13.74 -14.23

Blocking
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Conclusions and Future Work 73]

@ We have exploited DP to implement a CUDA-CG solver
@ The CPU only launches a simple CUDA kernel
@ The GPU is in charge of executing the complete solver
@ The CPU can execute other tasks or be simply put to sleep
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@ The CPU only launches a simple CUDA kernel
@ The GPU is in charge of executing the complete solver
@ The CPU can execute other tasks or be simply put to sleep

@ We have redesigned two CUDA kernels
@ cudaSdot_DP reduces the depth of the call tree
@ cudaSaxpy_DP improves the performances of the cudaSaxpy
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@ We have exploited DP to implement a CUDA-CG solver
@ The CPU only launches a simple CUDA kernel
@ The GPU is in charge of executing the complete solver
@ The CPU can execute other tasks or be simply put to sleep

@ We have redesigned two CUDA kernels
@ cudaSdot_DP reduces the depth of the call tree
@ cudaSaxpy_DP improves the performances of the cudaSaxpy

@ Evaluation of the DP version of the CUDA-CG solver:
@ Reduce the execution time by 3.65% in both CUDA modes

@ Reduce the energy consumption by 14.23% in blocking mode
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Conclusions and Future Work 73]

@ We have exploited DP to implement a CUDA-CG solver
@ The CPU only launches a simple CUDA kernel
@ The GPU is in charge of executing the complete solver
@ The CPU can execute other tasks or be simply put to sleep

@ We have redesigned two CUDA kernels
@ cudaSdot_DP reduces the depth of the call tree
@ cudaSaxpy_DP improves the performances of the cudaSaxpy

@ Evaluation of the DP version of the CUDA-CG solver:
@ Reduce the execution time by 3.65% in both CUDA modes

@ Reduce the energy consumption by 14.23% in blocking mode

@ Future Work: Extent the DP to more complex solvers (PCG,
BiCG, ...)
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Conclusions

Thanks for your attention !

Questions ?
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