Solving Large-Scale Dense Linear Systems
on Desktop Computers

Mercedes Marqués
Enrique S. Quintana-Orti
Gregorio Quintana-Ortf

Universidad Jaime | de Castellén (Espaiia)

Robert A. van de Geijn
The University of Texas at Austin

METNUM - June, 2009

http://www.cs.utexas.edu/users/flame/ 1



Linear systems Az = b with A — n x n dense and

n — 0(10,000 — 100, 000):

@ Estimation of the Earth gravitational field

@ BEM in electromagnetics and acoustics

@ Molecular dynamic simulations

(]

Only two years ago, these problems were considered “large”
and a cluster was employed for their solution

@ Current multi-core processors provide sufficient computational
power to tackle them...

o Computational cost is O(n®) — be patient
@ Storage cost is O(n?) — use disk

N
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Conventional wisdom against use of disk
@ Disk is too slow to feed the processor
@ OS can deal with data on disk, but careful design is required
to reduce 1/O — Out-of-Core (OOC) algorithms
@ Programming OOC is cumbersome (e.g., asynchronous |/0)
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Conventional wisdom against use of disk
@ Disk is too slow to feed the processor
@ OS can deal with data on disk, but careful design is required
to reduce 1/O — Out-of-Core (OOC) algorithms
@ Programming OOC is cumbersome (e.g., asynchronous |/0)

No longer true!
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A preview ..

Out-of-core Cholesky factorization on tesla (2 Xeon Quadcore)
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Out-of-core Cholesky factorization on tesla (2 Xeon Quadcore)
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Solution of a 100,000x100,000 s.p.d. linear system in
1 hour and 4 minutes!
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@ Motivation

@ Cholesky factorization (Overview of FLAME)
© 00C

@ Parallelization

© Experimental results

@ Concluding remarks
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The Cholesky Factorization

Definition

Given A — n x n symmetric positive definite, compute

A=L- L7,

with L — n X n lower triangular
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The Cholesky Factorization

Definition

Given A — n x n symmetric positive definite, compute

A=L- L7,

with L — n X n lower triangular

Algorithms should ideally be represented in a way that captures
how we reason about them
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FLAME Notation

Algorithm: [A] := CHOL_BLK(A)

A A
Partition A — < iL LE )
AprL | ABr

where App is0x0
while TL(ABR) 76 0 do

Determine block size b

Repartition

Aoo | Ao1 | Aoz

( Arp | Arr )H - - -
10 A1l 12
Apr | ABR
Azo | A21 | A2

where A1 isbxb

A = L1 LY,
Aoy = A21LﬁT
Agg := Aga — A21 A2

Continue with

Arp | Arr :
( — Ao | A1 | A2
Apr | ABr

endwhile
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FLAME/C Code

int FLA_Cholesky_blk( FLA_Obj A, int nb_alg )
{
/* ... FLA_Part_2x2( ); ... */
while ( FLA_Obj_width( ATL ) < FLA_Obj_width( A ) ){
/* ... %/
FLA_Repart_2x2_to_3x3(
ATL, /#**/ ATR, &A00, /**/ &AO1, &AO2,
/% kkkkkkkkkkkkk k/ /% kkkkskskokskkokkokkkkkkkkk *k/
&A10, /**x/ &Al11l, &A12,
ABL, /*x/ ABR, &A20, /**/ &A21, &A22,
b, b, FLA_BR );
/* */
FLA_Cholesky_unb( A11 ); /* A21 := Cholesky( A1l ) */
FLA_Trsm( FLA_ONE, A11,
A21 ) /* A21 := A21 * inv( A1l )’x*/
FLA_Syrk( FLA_MINUS_ONE, A21,
A22 ) /* A22 := A22 - A21 * A21’ */
/% */
/* ... FLA_Cont_with_3x3_to_2x2( ); ... */
}
}

o
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Algorithms-by-tiles and algorithms-by-blocks

Matrix of tiles/blocks

Ao 0 *
Al,O Al,l * coo *
A— Az Az Ago  --- *
An—10 An-11 An-12 -+ AN—1N-1

Hierarchical organization

@ Each tile is a matrix of blocks

@ The tile is the unit of storage on disk

@ The block is the unit of computation in the processor
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Conventional implementation of OOC algorithm

int FLA_Cholesky_blk( FLA_Obj A, int nb_alg )
{
/* ... FLA_Part_2x2( ); ... */
while ( FLA_Obj_width( ATL ) < FLA_Obj_width( A ) ){
/* ... %/
/* ... FLA_Repart_2x2_to_3x3( ); ... */
/* */
FLA_Cholesky_unb( A1l ); /* A21 := Cholesky( A1l ) */
FLA_Trsm( FLA_ONE, A11,
A21 ); /% A21 := A21 * inv( A1l ) %/
FLA_Syrk( FLA_MINUS_ONE, A21,
422 ); /% A22 := A22 - A21 * A21’ */
/% */
/* ... FLA_Cont_with_3x3_to_2x2( ); ... */
}
}
@ Insert explicit 1/O calls to move data between RAM and disk
@ Use large tiles to occupy most of RAM
@ Asynchronous 1/0?
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Unconventional OOC: Transparent OOC

First stage: build list of pending tasks
@ Cuor(4o,)
Q Aio:=4A10 Ly,

Ao,o * * — _ _ -
Ao | Arr  * - st O Azoi=Az0 Lo
Azo | A2y Az - runtimeg
. o .
Q A1,1 = A1,1 — A1,0A1,o

o

Second stage: runtime dictates the execution
@ RAM is a software cache for data on disk

© scout and worker threads deliver transparent asynchronous /0
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Pending list

Ay = ArLyy

Agg = AggLgy"

1 o
Az := AzoLgy

Scout thread

(1) Inspect pending list

Ay = Ay — ApAf

A = {L\A}y = Crow(An)

Agy i= Ay — Ay AT

Worker thread

13

—

)

Ready list




Pending list

Ay = AmL(TOT

Agg = AggLgy"

1 —
Az := AzoLgy

Ay = Ay — ApAf

A = {L\A}y = Crow(An)

Agy i= Ay — Ay AT

Az = Az — Az Al

L
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Scout thread

(2) Check cache

Worker thread

14

=

Ready list




d4

Scout thread
Pending list Ready list

Ay = AmL(TOT

Agg = Ay Ly (3) Read tile

1o e -
Asp := AzoLyy

S AmA-lrﬂ .:\:\:\:‘

Ay = {L\A}y1 = Crow(Ar)

cache
Agy i= Ay — Ay AT
Az = Az — Az Al
/\—/ /\—/

Worker thread
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Scout thread

Pending list

Ay == AroLgg"

1., 7-T
A Lo

A = AyLog" (4) Move task

fiu = Au - fim}ﬁ)

Ayy = {L\A}y; = CHOL(A};) ‘ _

Worker thread
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Ready list




Pending list

Ay == AroLgg"

Scout thread

\_/

(1) Inspect pending list

Execute task

Worker thread
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Ready list




d4

Scout thread

Pending list Ready list

1o e =
Ago = Ao Lgy

Ag = AzLgg" (2) Check cache

Au = A — Amg’ﬁ)

Ay == {L\A}; = CHoL(An)

Agy = Ay — Am,}fo

Agy = Ay — Ay AT

T
Ay = Ap Ly Execute task

L

Worker thread
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d4

Scout thread

Pending list Ready list
Az = Ang Ly
Ag = AzLgg" (3) Read tile

Ay = An— :‘img}rg

Ay = {L\A}11 = CHow (A1)

Ay = Ay — A Al

Execute task

Worker thread
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Scout thread

Pending list

Ay == AggLgy"

Ready list

Worker thread

20

Aso Loy
Aoy e Ay = ApAl, (4) Move task
Au = {L\ A}y = CroL(Ay)
Ay = Ay — Ay AT, T by

21 21 204109 ‘ AOO AlO ‘ ‘ ‘
As = Ay — A3 ATy
cache
Ay = Ay Ly"
—
Asy = Az Ly Execute task
/—\—/ /—\—/




Scout thread

Pending list Ready list
= — . B
Aso == AsoLgg \_/ Ao = ALy

Ay = Ay — Ay AT, (1) Inspect pending list

Ay = {L\A}11 = CHoL(Ayr)

Agy i= Ay — Ay AT ‘ =

Ago | Ao
Asy = Ay — A3 ATy
cache
Ay = Ay Ly"
—
Asy = Az Ly Execute task
/—\4 /—\4

Worker thread




Scout thread

Pending list Ready list

Agp == AzoLgg"

I‘iu = Au - Awg%

A = {L\A}1, = CroL(Ay) (4) Move task

/121 = A‘zl - :‘1201&’{0

Agy == Agy — Az AT ‘ 7

Ay = Ay L"

Asgy = Az Ly

T
Agy = Apy — A Ay Execute task

L

Worker thread
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Scout thread

Pending list Ready list

Ay = {L\A} = Crow(Ar) Arp = ALl

Ay = Ay — A AT, (4) Move task B -
21 21 20419 Agg = AgoLgg"

/131 = Asl - :‘iaug}ro

Agy i= Ay LT

Agy = Ay L"

Agg := Agy — Ay AT,

T ———
A 1= Ay — An A3 Execute task

L

Worker thread
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Scout thread

Pending list

Ay = {L\A}11 = CuoL (A1)

Ay = Ay — AmA%

o = Mgy — A AL, (4) Move task

Ay = A«ALﬁT

Asgy = Az Ly}

Agy = Agy — AnAY,

Agy = Ayy — Ay AT,

Ags i= {L\A}22 = CrOL(A2) B Egk

s

Worker thread

Ready list

Agg = AZQLOOT

Az = ABULEOT

e
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Pending list

Agy = Ay — A Afy

A AT
Az = Az — AauAm

Ay = Ay Ly}

E
31Lq;

Agy = Ayy — Ay AT,

Agy i= Agy — A A3

Agy = {L\A}22 = CHOL(Ay)

Ag — A ;‘;ro
e

Scout thread

(4) Move task

Ready list

Ao = ArLyy

Az i= ALy

Asp = ABULEOT

1 = Ay — A AL,

Execute task

Worker thread




Scout thread

Pending list Ready list
Agy == Ay — Ay AL, \_/ Ay i= ALyt

— —T 1) Inspect pending list _ _
Agy = Ay Ly (1) Insp P e Agg = AgoLgg"

Lt Asg = AgoLyy"
Agy := Agy — A AY; - = - Ay = Ay — ApAT,
* Ago | Avo | Az | Az ! 10
Agy i= Agy — A A3 Ap = {I\ A}y = Cron(An)
cache

Agy = {L\A}z; = CHOL(A)

A AT
— Az Ay Execute task

L

Worker thread




Scout thread

Pending list

Az — Ay ATy

Agy i= Ay LT (2) Check cache

Asy o= Ay LT

Agy = Ayy — Ay AT, - P = -
Ago | Avo | Az | Az
Agy = Ay — A AY,
cache

Agy = {L\A}z; = CHOL(A)

Asy — Ay A,

Execute task

L

Worker thread
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Ready list

Aw 5= AmLaOT

Agp = AZ(}LGOT

Aw = ABULEOT

Ay = App — Ao AT,

An = {L\A}1 = CroL(Ar)




Pending list

As — Az Ay

Agy i= Ay LT

-
Azy := Az Ly

Agy 1= Agy — Ay A},

A, AT
Agp = Az — A Ay

Az = {L\ A}z = CrOL(A22)

A — Az AY,
L J

Scout thread

Wait

Execute task

Worker thread

Ready list

Ay = AmLaOT

A = ApLgg

Agg = ABULEOT

Ay = App — A AT,

An = {L\A}11 = Crow(Aw)




Pending list

— Ay Afy

Ay = Ay Ly}

E
31Lq;

Agy = Ayy — Ay AT,

A, AT
Agp = Az — A Ay

Agy = {L\A}z; = CHOL(A)

— Az A;ro

L

Scout thread

Wait

X 4

Az | A

Ax

Execute task

cache

Worker thread

Ready list

Afoo =

Ay = AmLEOT

Ay = AannoT

i i 7T
Agp := AzoLgy

Ay = Ay — A AT,

An = {L\A}11 = Crow(Aw)




Scout thread

Pending list Ready list

Agu 5= AQULEOT

Az — Ay ATy

Ay o= Ay LT Write tile

1N

A T
30 := Az Ly

Asy o= Ay LT

Ay = An - fiw"i%
Ay = Any — Ay AR, 7 7 7 7 Ay = {L\A}y; = Crow(A
Ayg | Agg | Ao 1 = {L\A}yy = CHOL (A1)
422 = A‘zz - :‘12113;1
cache

Agy = {L\A}z; = CHOL(Az)

Agy = Agy — A30AT
Asp 1= Agy — Ago Ay Execute task

L

Worker thread
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Pending list

Az = Az — A3 AT,

Ay = Ay LﬁT

Agy = Ay LT

Agy = Agy — "71205:21"0

Apy = Ayy — Ay AT

Ags = {L\A}22 = CroL(A2)

Ay := Agy — Az AT,

Agy = Agy — A3 A3

L

Scout thread

(4) Move task

Execute task

Worker thread

Ready list

Ay := ALy

Asp == AzoLgg"

Ay = An - 410111;]

Ay = {L\A}y1 = CHOL(A1)

31
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Parallelization of In-Core Task

Target: multi-core processor

CHOL(Akyk)

o Standard parallelization — multithreaded BLAS

@ Advanced parallelization — data-flow algorithm
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Porting 1ibflame. Experimental results

Hardware & Software
@ Two Intel Xeon QuadCore E5405, 2.0 GHz, 8 GBytes RAM
@ /0 interface of 1.5 Gbites/sec
@ SATA-I disk with 160 GBytes
o MKL 10.1, single precision

Algorithms & Implementations

@ In-core MKL

@ In-core data-flow

o OOC Traditional

@ OOC Cache

@ OOC Reordered + data-flow
@ OOC Overlap I/0
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Porting 1ibflame. Experimental results

GFLOPS

140

Out-of-core Cholesky factorization on tesla (2 Xeon Quadcore)

120 -

100 -

®
o

@
o

40

20

T T T T T
In-core MKL —+—
In-core data-flow ---
OOC Traditional
OOC Cache
OOC Reorder + data-flow --0--
OOC Ovelap I/0

I
20000 40000 60000 100000

Matrix size

80000
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Porting 1ibflame. Experimental results

Matrix size Time MBytes of
required RAM

10,240 4 .9sec 400
51,200 8min 49.9sec 10,000
102,400 | 1h 4min 52.0sec 40,000
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Conclusion

Against conventional wisdom

@ Disk is fast enough to feed the processor
@ Programming OOC is transparent to the library developer
o Job for the runtime
o Transparent port of the functionality of 1ibflame
@ Solving large problems possible using a few multi-core
processors

For more information. . .

Visit http://www.cs.utexas.edu/users/flame/
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