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Why matrix inversion?

» Matrix inversion requires an important computational effort

» Sometimes can be by-passed by solving systems of linear equations

— But in some situations is necessary

» Examples include earth sciences and the matrix sign function
method for expectral decomposition
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Why matrix inversion?
» Matrix inversion requires an important computational effort
» Sometimes can be by-passed by solving systems of linear equations
— But in some situations is necessary

» Examples include earth sciences and the matrix sign function
method for expectral decomposition

Why SPD matrices?

» In previous works we targeted the inversion of general matrices

» In this case the structure and properties of the matrix can be
exploited, reporting important savings in terms of memory and
computational time.
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Matrix inversion of SPD matrices
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Matrix inversion of an SPD matrix

Traditional approach

Algorithm 2 Matrix_inversion

1: Compute the Cholesky factorization A = UT U, where U € R™" is
upper triangular

2: Invert the triangular factor U — U~1!

3: Obtain the inverse from the product U~1U~T = A~1

Requires n® floating-point operations

Sweeps throught the matrix 3 times
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Matrix inversion of an SPD matrix

Gauss-Jordan elimination method

The the Gauss-Jordan elimination algorithm

> |In essence, it is a reordering of the operations

» Presents the same arithmetical cost

Implementation
» The algorithm sweeps through the matrix once
— Less memory accesses

» Most of the computations are highly parallel
— More parallelism
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Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 1

while m(Arr) < m(A) do
Determine block size b

Algorithm: [A] .= GJEq ;¢ v1(A)
Partition A — (Aﬁ ATR)
* |ABr

where Arp is 0 x 0 and Aprisn xn

Repartition
( ATL| Am) (ﬂﬂﬂ)
— * |Ai1]|Ar2
* |ABr —t—
* | % |Aae
where A isbxb
W = —Aoo - Aot SYMM
An 1+ AGy - Aoy GEMM
A “HOL(A11) POTRF
TRIU(A11) := TRIU(A11) ™! TRTRI
W:=W-An TRMM
Aoy =W - AT TRMM
Ago = Ao + W - W7 SYRK
Aqq := TRIU(A11) - TRIU(A11)T LAUUM

Continue with

endwhile

Aoo| Aot | Aoz
(ﬂljﬂ) [ [Au]an
* bR * | * |Aze
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» 8 operations per
iteration




Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 1

Algorithm: [A] .= GJEq ;¢ v1(A)

Arp|A
Partition A — (i TR)

* |Asr

while m(Arr) < m(A) do
Determine block size b
Repartition

AOD

*
where A isbxb

(A’TL AT‘R) (——
— * |A1
* |ABR — 1

where Arp is 0 x 0 and Aprisn xn

Aoz
Az
A22

W= —Aoo - At

A 1+ AGy - Aoy
A “HOL(A11)
TRIU(A11) := TRIU(A11) ™!
W:=W-An
Ao =W - ATy

Ago = Ao + W - W7
Aqq := TRIU(A11) - TRIU(A11)T LAUUM

SYMM
GEMM
POTRF
TRTRI
TRMM
TRMM
SYRK

Continue with

Aot

Aqr

*

A
Arp|Arr - EU
* |Asr

endwhile

*

Aoz
Al
Az
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» 8 operations per

iteration

» 6 of them are

MM products




Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 1
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iteration

» 6 of them are
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Limitations

» Data
dependencies




Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 1

Algorithm: [A] := GJE

L vi(4)

Arrp

Partition A — ( "

while m(Arr) < m(A)

Repartition

Arp|ATr N
* |ABr

ATR)
ABR

where Arp is 0 x 0 and Aprisn xn

do

Determine block size b

Aoo]Ao1| Aoz
* |Au|Ar2

* | % |Aae
where A isbxb
W = —Aoo - Aor SYMM
A= A + Al - Ao GEMM
Ayy := CHOL(A11) POTRF
TRIU(A11) := TRIU(A11) ™! TRTRI
W:=W-An TRMM
Aoy =W - AT TRMM
Ago = Ao + W - W7 SYRK
Aqq := TRIU(A11) - TRIU(A11)T LAUUM

Continue with

endwhile

Arp|Arr -
* |Asr

Aoo| Aot | Aoz
* [A11] A2

* | * |Aze
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» 8 operations per
iteration

» 6 of them are
MM products

Limitations
» Data
dependencies

> Except Ago all
blocks are
"small”
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Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 2

Algorithm: [A] := GJEg; ;c y2(A)
Arp|Arr

| Am)

where Arp is 0 x 0and Aprisn xn

while m(ArL) < m(A) do
Determine block size b
Repartition

Partition A — (

Ago]AoL|A
Arr|Arr o
= — * A Az
* BR * | * |A22

where A isbxb

A11 = CHOL(A11) POTRF
TRIU(A11) := TRIU(AL}") TRTRI
Aot Ap1 - A TRMM
Aoo Ago + Aot - AL SYRK
Ao = Ao1 - An TRMM
Ar = AL - Avs TRMM
Agy = Agy — Afy - A1z SYRK
Aoz = Aoz — Aor - Ar2 GEMM
Arz —(An - Ar2) TRMM
An = An - AT, LAUUM

Continue with

Aoo|Ao1 | A
ArclAre 00| Ao1 | Aoz
Y “— * [A11 A1z
BR * | x |Aan

endwhile
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Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 2

Algorithm: [A] := GJEg; ;c y2(A)

Partition A — (ﬂ ATR) » 10 Operations
* |Asr
where Az is 0x 0 and Apg is n x n per iteration

while m(ArL) < m(A) do
Determine block size b
Repartition

Ago]AoL|A
Arr|Arr o
= — * A Az
* BR * | * |A22

where A isbxb

A11 = CHOL(A11) POTRF
TRIU(A11) := TRIU(AL}") TRTRI
Apr := Ao1 - A TRMM
Ago := Ago + Ao1 - Af SYRK
Ao = Ao1 - An TRMM
Ar = AL - Avs TRMM
Agg = Agp — ATy - Apz SYRK
Aoz = Aoz — Aor - Ar2 GEMM
Az = —(An - A2) TRMM
An = An - AT, LAUUM

Continue with

Aoo|Ao1 | A
ArclAre 00| Ao1 | Aoz
Y “— * [A11 A1z
BR * | x |Aan

endwhile
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Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 2

Algorithm: [A] := GJEg; ;c y2(A)

Partition A — (ﬂ ATR) » 10 Operations
* |ABr
where Az is 0x 0 and Apg is n x n per iteration
while m(ArL) < m(A) do
Determine block size b » 8 of them MM
Repartition prod ucts

Ago]AoL|A
Arr|Arr o
—T7 — * A Az
BR * | * |A22

where A isbxb

A11 = CHOL(A11) POTRF
TRIU(A11) := TRIU(AL}") TRTRI
Apr := Ao1 - A TRMM
Ago := Ago + Ao1 - Af SYRK
Ao = Ao1 - An TRMM
Ar = AL - Avs TRMM
Agg = Agp — ATy - Apz SYRK
Aoz = Aoz — Aor - Ar2 GEMM
Az = —(An - A2) TRMM
An = An - AT, LAUUM

Continue with

Aoo|Ao1 | A
ArclAre 00| Ao1 | Aoz
Y “— * [A11 A1z
BR * | x |Aan
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Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 2

Algorithm: [A] := GJEg; ;c y2(A)

Arp|Arr
* |ABr

Partition A — (

while m(ArL) < m(A) do
Determine block size b
Repartition

Aoo] Aot | Aoz

where A isbxb

Arp|A
(A - (S
* BR * | * |A22

where Arr is 0x 0and Aprisn xn

A11 = CHOL(A11)
TRIU(A11) := TRIU(AL}")

Ao1 = Ao - An

Aoo Ago + Ao1 - Afy
Ao1 = Ao - An

Ao = AﬁT - Agp

Agy = Agy — Afy - A1z
Agg := Aoz — Aor - Arz
Az = —(An - A2)
Ay = A - AL

POTRF
TRTRI
TRMM
SYRK
TRMM
TRMM
SYRK
GEMM

LAUUM

Continue with

endwhile

Aoo|Ao1 | A
ArclAre 00| Ao1 | Aoz
Y “— * [A11 A1z
BR * | x |Aan

TRMM

P. Benner et al

10 operations
per iteration

8 of them MM
products
Updates of Ay
and A22
concentrate the
cost




Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 2

Algorithm: [A] := GJEg; ;c y2(A)

Partition A — (ﬂ ATR) » 10 Operations
* |ABr
where Az is 0x 0 and Apg is n x n per iteration
while m(ArL) < m(A) do
Determine block size b » 8 of them MM
Repartition prod ucts

> Updates of Agg
and A22
concentrate the

AooJ Ao | Aoz

Arr|Arr
— * A Az

* |ABr
* | * [Ax

where A isbxb

A11 = CHOL(A11) POTRF
TRIU(A11) := TRIU(AL}") TRTRI cost
Ao1 = Ao - An TRMM
Aoo := Aoo + Ao1 - Al SYRK
Ao = Ao1 - An TRMM
Ar = AL - Avs TRMM
Agg := Ags — AT, - Ara SYRK H H H
Aoz := Aoz — Ao1 - A1z GEMM leltatlons
Az = —(An - Ar2) TRMM
Au = Ay - AL LAUUM » Data

dependencies

Continue with

Aoo|Ao1 | A
ArclAre 00| Ao1 | Aoz
Y “— * [A11 A1z
BR * | x |Aan

endwhile
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High performance implementations
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High performance implementations

Based on the Cholesky factorization

a multi-core CPU

Based on routines potrf and potri of a multithread MKL version

a many-core GPU

Routines gpu_potrf and gpu_potri for the GPU have been
implemented

a hybrid CPU-GPU platform

Each operation is executed on the most covenient device

CPU and GPU work jointly in the computation of the Cholesky
factorization
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High performance implementations

Based on the GJE algorithm

On a multi-core CPU

» Two implementations, one per each variant of the algorithm
> Based on the usage of MKL routines

On a many-core GPU

» Two implementations, one per each variant of the algorithm

» Based on the usage of gpu_potrf and gpu_potri routines and
CUBLAS kernels

remonQuiji.es

P. Benner et al
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Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 2

On a hybrid CPU-GPU platform
Algorithm: [A] := GJEHK vo (A)
Aty | Arr )
* ABR
where Arr isOx0Oand AgpisnXxn

while m(Arr) <m(A) do

Determine block size &

Repartition

Ago | Aoi | Aoz
( Ary | Arr )4» ( * A [ As )
* Apn

* * Agg

Partition A —

where Ay isbxb

Transfer block Aiy to the CPU

Ay = Chol(Ay) (cPU)
triu(Ay) = triu(A7Y) (CPU)
Transfor block Ay to the GPU
Aot = Aot Anr (GPU)
Aoo Aoo + Aot - AT} (GPU)
Aoy Aot - At (GPU)
Arz AT A (GPU)
Agg Aoy — AT, Are (GPU)
Aoz Aoz — Aot - Arz (GPU)
Ajp —(A11- A12) (GPU)
Aqy T (cPU)

: Agi- Af,
Transfer block A1 to the GPU
Continue with

Aco | Aot | Aoz
( Arp jTR )H + a0 |4
* BR * * Aoy

ion of SPD Matrices on GPUs



Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 2

On a hybrid CPU-GPU platform

Algorithm: [A] = GJEy (4

Partition A — Arz | Ar )

* ABR
where Arr isOx0Oand AgpisnXxn
while m(Arr) <m(A) do
Determine block size &

where Ay isbxb

Continue with

Repartition
Ago | Aoi | Aoz
( AfL jTR )4» * A [ As
BR * * Agg

Transfer block Aiy to the CPU

Ay = Chol(Ay)
triu(Ay) = triu(A7Y)
Transfor block Ay to the GPU
Aot = Aot An
Ao Ago + Aoy - AF}
Aoy Aoy - A1y
Agp AI,T - Agp
Az Aoy — AT, Aro
Aoz Aoz — Aot - Arz
Ajp —(A11 - Agp)
A 1

: Agi- Af,
Transfer block A1 to the GPU

A A
( Arp | Arr )H *OO Afi
* Apr ” "

)

(CPU)
(CPU)

(GPU)
(GPU)
(GPU)
(GPU)
(GPU)
(GPU)
(GPU)
(cPU)

> Only 3 transfers
are necessary per
step

ion of SPD Matrices on GPUs



Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 2

On a hybrid CPU-GPU platform

Algorithm: [A] := GJEHK vo (A)
. Arp | Arr
Partition A — (—=——= ) » Only 3 transfers
where A7y isOXxOand AgrisnXxn
while m(Arz) <m(A) do are necessary per
Determine block size &
Repartition Step
Ago | Aoi | Aoz .
A A
(e )H< I A,Q) > 7 operations
* * Agg
where Ay isbx b executed on the
Transfer block Aiy to the CPU GPU, a” Of them
Ayy = Chol(Aiy) (CPU)
triu(Ay) = trin(AL) (CPUY MM products
Transfer block Ayy to the GPU
Aoy = Ao An (GPU)
Ago = Ao+ Aot - AT} (GPU)
Aot = Aot An (GPU)
Aip = AL Ap (GPU)
Asy = Ay — AL - App (GPU)
Aoz = Apz— Aot A (GPU)
Az = —(An - Arg) (GPU)
Ay = A AL (CPU)
Transfer block Aiy to the GPU
Continue with
A A A
Arp | Are 00 Ao1 Aoz
7y — * 11 12
* BR * * Aoy
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Matrix inversion of an SPD matrix

Gauss-Jordan elimination method - variant 2

On a hybrid CPU-GPU platform

Algorithm: [A] := GJEg ¢ o (A
. A A
Partition A — fL AE}; ) > Only 3 transfers
where Arr isOx0Oand AgpisnXxn
while m(Arr) <m(A) do are necessary per
Determine block size &
Repartition Step
Ago | Aoi | Aoz .
e prre Rl B > 7 operations
* BR * * Agg
where Ay isbx b executed on the
Transfer block Aiy to the CPU GPU, a” Of them
Ay = Chol(Ay) (cPU)
triu(Ay) = trin(AL) (CPUY MM products
Transfor block Ay to the GPU
Aoy = Ao An (GPU)
Ao = oot Aoy AF, @0 » Only 3 small
o1 = Aot An H
Ajp = Al’lT-Ang (GPU) operations
Asy = Ap— AT Ap (GPU)
fo = s Aéj-;slz @ executed on the
12 = (A A GPU
Ay = A AL (CPU) CPU
Transfer block Aiy to the GPU
Continue with
Aco | Aot | Aoz
( Arp | Arr )H + a0 |4
* ABR * * Aoy
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Numerical results
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Numerical results

Hardware and software

» Hardware

> Platform consisting of eight INTEL Xeon QuadCore X7550 processors
at 2.0GHz. (32 cores) connected to an NVIDIA C2050 (448 cores)

» Software

» Computations on the CPU are performed using kernels from MKL
v.11.0
> While computations on the GPU are performed using CUBLAS v.3.2

All experiments performed using single precision arithmetic
Results for matrices with 1000 < n < 15000
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Numerical results

Implementations based on the Cholesky factorization
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Numerical results

Implementations based on the Gauss-Jordan elimination
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Numerical results

Best implementations
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Conclusions and future works
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Conclusions

» We have studied the inversion of symmetric positive definite
matrices on a hybrid CPU-GPU platform

> This operation appears in many scientific applications and features a
high computational cost

» GJE-based routines exhibit a remarkable performance

» An hybrid implementation, where each task is executed on the most
convenient device, provides the best performance
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Future works

v

Overlap communications and computations using asynchronous
transfers

v

Use of different block sizes for each architecture

v

Use of multiple GPUs

v

Employ other GPU kernels that outperform CUBLAS
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THANKS.

Matrix Inversion of SPD Matrices on GPUs
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